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eXaMPle 2 Multiplication of Power Series

Find a power series representation of ex sin x.

SolUTioN We use the power series for ex and sin x:
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Since the power series of ex and sin x both converge on (2`, `), the product series 
converges on the same interval. Problems involving multiplication or division of 
power series can be done with minimal fuss using a computer algebra system. .

ShiFting the Summation index For the three remaining sections of this 
chapter, it is crucial that you become adept at simplifying the sum of two or more 
power series, each series expressed in summation notation, to an expression with 
a single o. As the next example illustrates, combining two or more summations 
as a single summation often requires a reindexing, that is, a shift in the index of 
summation.

eXaMPle    Addition of Power Series

Write

o
`

n52
n(n 2 1)cnxn22 2 o

`

n50
cnxn11

as one power series.

SolUTioN In order to add the two series given in summation notation, it is neces-
sary that both indices of summation start with the same number and that the powers 
of x in each series be “in phase,” in other words, if one series starts with a multiple 
of, say, x to the first power, then we want the other series to start with the same power. 
Note that in the given problem, the first series starts with x0 whereas the second series 
starts with x1. By writing the first term of the first series outside of the summation 
notation,

series starts
with x
for n 5 3

series starts
with x
for n 5 0
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we see that both series on the right side start with the same power of x, namely, x1.  
Now to get the same summation index we are inspired by the exponents of x; we let 
k 5 n 2 2 in the first series and at the same time let k 5 n 1 1 in the second series. 
For n 5 3 in k 5 n 2 2 we get k 5 1, and for n 5 0 in k 5 n 1 1 we get k 5 1, and 
so the right-hand side of (3) becomes

same

same

2c2 1 o (k 1 2)(k 1 1)ck12xk 2 o ck21xk.
k51

`

k51

`

(4)
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Remember the summation index is a “dummy” variable; the fact that k 5 n 2 2 in 
one case and k 5 n 1 1 in the other should cause no confusion if you keep in mind 
that it is the value of the summation index that is important. In both cases k takes  
on the same successive values k 5 1, 2, 3, . . . when n takes on the values 
n 5 2, 3, 4, . . . for k 5 n 2 1 and n 5 0, 1, 2, . . . for k 5 n 1 1. We are now in a 
position to add the series in (4) term-by-term:

 o
`

n52
n(n21)cnxn22 2 o

`

n50
cnxn11 5 2c2 1o

`

k51
[(k 1 2)(k 1 1)ck12 2 ck21]xk. (5) .

If you are not totally convinced of the result in (5), then write out a few terms on 
both sides of the equality. 

a Preview The point of this section is to remind you of the salient facts about 
power series so that you are comfortable using power series in the next section to 
find solutions of linear second-order DEs. In the last example in this section we tie 
up many of the concepts just discussed; it also gives a preview of the method that 
will be used in Section 6.2. We purposely keep the example simple by solving a 
linear first-order equation. Also suspend, for the sake of illustration, the fact that you 
already know how to solve the given equation by the integrating-factor method in 
Section 2.3.

 eXaMPle 4  A Power Series Solution

Find a power series solution y 5 o
`

n50
cnxn of the differential equation y9 1 y 5 0.  

SolUTioN We break down the solution into a sequence of steps.

(i) First calculate the derivative of the assumed solution:

y9 5 o
`

n51
cnnxn21 d see the first line in (1)

(ii) Then substitute y and y9 into the given DE: 

y9 1 y 5 o
`

n51
cnnxn21 1 o

`

n50
cnxn.

(iii) Now shift the indices of summation. When the indices of summation have the 
same starting point and the powers of x agree, combine the summations:

 y9 1 y 5 o
`

n51
cnnxn21 1 o

`

n50
cnxn5    5

k 5 n21       k 5 n

 5 o
`

k50
ck11(k 1 1)xk 1 o

`

k50
ckxk

 5 o
`

k50
[ck11(k 1 1) 1 ck]xk.

(iv) Because we want y9 1 y 5 0 for all x in some interval, 

o
`

k50
[ck11(k 1 1) 1 ck]xk 5 0 

is an identity and so we must have ck11(k 1 1) 1 ck 5 0, or

  ck11 5 2
1

k 1 1
 ck, k 5 0, 1, 2, . . . .
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